Abstract.
Introduction and main results
One of the most important aspects of riemannian geometry deals with the relationship between the curvature properties of a riemannian manifold and its topological structure.
Two classical theorems are Gromoll-Meyer's theorem [GM] and CheegerGromoll's Soul Theorem [CGI] . Gromoll-Meyer's theorem asserts that any complete open riemannian manifold of positive sectional curvature is diffeomorphic to R" . Cheeger-Gromoll's Soul Theorem says that for any complete open manifold of nonnegative sectional curvature, there is a totally geodesic compact submanifold S, to be called a soul, such that M is diffeomorphic to the normal bundle v(S) of S in M (the diffeomorphism does not come from the exponential map of S, in general). Therefore it is quite natural to study complete open manifolds under certain partial positivity for curvature.
For a riemannian «-manifold M, we say the /cth-Ricci curvature of M, for some 1 < k < n -I, satisfies RiC(¿) > H, at a point x £ M if for all (k + 1 )-dimensional subspaces V c TXM, the curvature tensor R(x, y)z satisfies k+\ Y,(R(ei, v) v , e.) > H, v£V, i=\ where {ei, ... , ek+x} is any orthonormal basis for V . By Ric^jiM) > H we mean Ric^ > H at all points x £ M. In a similar way we can define that RiC(¿.) > H at a point x, and RiC(k)(M) > H. Clearly, Ric("_i) 
(M) > H if and only if Ric(M) > H, and Ric(,)(M) > H if and only if KM > H,
where Ric(M) and KM denote the Ricci curvature and the sectional curvature, respectively.
1. We say a complete open «-manifold M is proper if the Busemann function bp at some point p is proper. This property of the Busemann functions is independent of a choice of p (see §2.1 below for definition and basic properties) . Any complete open «-manifold M of nonnegative sectional curvature outside a compact subset must be proper. Moreover in this case M has finite topological type (cf. [CGI, GW2] ). H. Wu [W2] has proved that any complete open «-manifold M with Ric^(M) > 0 for some 1 < k < n -1 and nonnegative sectional curvature outside a compact subset, has the homotopy type of a CW complex with finitely many cells each of dimension < k -1. By using the techniques developed in [SH, W2] , we will establish the following Theorem 1. Let M be a proper open n-manifold with Ric^(M) > 0 for some k, 1 < k < n -1. Then M has the homotopy type of a CW complex with (possibly infinitely many ) cells each of dimension < k -1. In particular, H(M ; Z) = 0, for i>k.
Theorem 1 should be viewed as a generalized version of the Gromoll-Meyer theorem [GM] . In the case of k = n -1, Theorem 1 tells us that any proper open «-manifold of positive Ricci curvature has the homotopy type of a CW complex with cells each of dimension < « -2. Hence Z/"_i(M; Z) = 0. This is an analogue of a vanishing theorem for closed manifolds which says that any oriented closed «-manifold M of positive Ricci curvature satisfies Hi(M; R) = //"_i(M; R) = 0 (cf. e.g. [BY] ). In [Y] , by using a different method, S. T. Yau proves that any complete open «-manifold M of positive Ricci curvature satisfies //"_i(M, R) = 0. His method, however, does not give a vanishing theorem for Hk(M, R) for k < n -2 under the positivity conditions for the fcth-Ricci curvature. One notices that M. Anderson also proves a relative result that if M is a complete open «-manifold of nonnegative Ricci curvature, then the first Betti number ¿>i(M) := dim//i(M; Q) < « -1 . For further information see [An] .
Recently, 2] have constructed «-dimensional complete open manifolds of infinite topological type for all n > 4, on which the metrics can be chosen to be proper, have positive Ricci curvature and bounded curvature1. Topologically, their examples are obtained by removing infinitely many disjoint balls Df+X , i = 0, 1, ... , +00, from Rp+X and then gluing with Dn-px]l™0Sp together by the indentity maps along the corresponding boundaries, where 2 < p < n-2. Let M" p denote the resulting manifolds. Clearly, the singular homology groups Hn-2(Mn,"-2; Z) are infinitely generated. In this sense, Theorem 1 is sharp. In dimension 3, Schoen-Yau [SHY] prove that all complete open 3-manifolds of positive Ricci curvature is diffeomorphic to R3,. Thus there is no nontrivial examples in this case.
It seems to be difficult to determine whether a complete open riemannian manifold M is proper or not, even if M has nonnegative Ricci curvature. However, we will show that if (with respect to a point) M has small diameter growth of ends, then M is proper. For a subset A of M, denote by dia(^) the diameter of A measured in M, i.e. dia(A) = supx y€Ad(x, y). We will prove that if for some point p £ M, 2. It was proved by M. Gromov [G1 ] that there is a constant C(«) depending on only « such that for any closed «-manifold M of nonnegative sectional curvature, the total Betti number of M with respect to any field F satisfies Y,bi(M;Y)<C(n). As we see from Sha-Yang's examples, in order to prove a finite topological type theorem for manifolds in Theorem 2, additional conditions are required. Recently, Abresch-Gromoll [AG] have proved that a complete open «-manifold M of nonnegative Ricci curvature has finite topological type if M has essential diameter growth of order o(rxln), provided that the curvature is bounded from below. In §2.2 we will introduce the notion of essential diameter of ends. There are several definitions for the (essential) diameter of ends. It seems to the author that the definition given by Cheeger [C] is the simplest one. Denote by 3(p, r) the one defined in [C] , which is called the essential diameter of ends at distance r from p . Roughly speaking, 3(p, r) is the maximum of the diameters of the connected components, I, of S(p, r), with y(f) e I for some ray emanating from the point p. We will generalize the Abresch-GromolPs theorem to the case RiC(fc)(M) > 0.
Theorem 3. Let M be a complete open n-manifold of Ric^j(M) > 0 for some 2 < k < n -1. Suppose that the sectional curvature KM > -K, K > 0, and for some point p £ M,
Then M is homeomorphic to the interior of a compact manifold with boundary.
One notices that the diameter growth condition is violated by Sha-Yang's examples. By definition, 3(p, r) < di&(S(p, r)) for all r. Thus any growth condition on di&(S(p, r)) implies that on 3(p, r). The advantage of 3(p, r) is that the growth of 3(p, r) can be controlled by the volume growth condition.
For a complete open «-manifold M with Ric(M) > 0 and volume noncollapse, i.e. infx€MVol(5(x, 1)) > v > 0, it is shown in [SW] that for all r > 1,
Thus we have Theorem 4 [SW] . Let M be complete with Ric^(M) > 0 for some 2 < k < « -1. Suppose that M has weak bounded geometry, i.e. KM > -K, K > 0, and inf^çMVoKZ^x, 1)) > v > 0. If the volume growth at a point p satisfies YQl(B(p,r) ) r1™» rl + l/<*+.) =0< then M is homeomorphic to the interior of a compact manifold with boundary.
In the case of k = n -1 , Theorem 4, in particular, implies that for a complete open «-manifold M with Ric(M) > 0 and bounded geometry, if M has linear volume growth at a point, then M has finite topological type. One should compare this result with Calabi-Yau's theorem ( [Y] , see also [CGT] ) which asserts that any complete open «-manifold of nonnegative Ricci curvature has at least linear volume growth at any point p , more precisely, for all r > 1 , vol(B(p, r))>e(n) vol(B(p , l))r. M. Gromov [G2] proves that a complete manifold M of sectional curvature -1 < Km < 0, and vol(M) < +oo , is diffeomorphic to the interior of a compact manifold with boundary. Furthermore, if in addition the sectional curvature is strictly negative, then M has finitely many ends, E , with dia(S(p, r)f\E) -» 0 as r-> +00 . We will prove the following relative result. Most of the results in this paper were announced in [SI] . The author most sincerely thanks his advisor, Professor Detlef Gromoll, for all his inspiring guidance, constructive discussions, and encouragement in the preparation of this paper. I also would like to thank Professor Michael Anderson and Professor Jeff Cheeger for their kind assistance and very important comments, and I am indebted to Professor D. G. Yang for many helpful discussions. My sincere thanks also go to my friends: G. Gong, Z. Liu, G. Paternain, X. Rong, G. Wei, and S. Zhu for many helpful conversations. 
is increasing in t and \B'p(x)\ < pp(x), x £ M. Then the function Bp, defined as Bp(x) = lim,^+0o B'p(x), is a Lipschitz function with Lipschitz constant 1. An elementary argument shows that Bp = supy B7, where the supremum is taken over all rays y issuing from p. For x £ S(p, r), r > 0, set
Since B'p(x) is increasing in t, it is easy to see that for all t2>ti> Pp(x),
. Take a minimal normal geodesic a from x to x'. For s0 := d(x, S(p, t2)) -t2 + t\ > 0, the point ct(so) satisfies
This gives (3). Q.E.D.
Thus b'p converges to a Lipschitz function bp , with the convergence being uniform on compact subsets. The function bp is called the Busemann function at point p . Set
ep is called the excess function at point p £ M (compare [GP] ). By definition and (2), one has
For r > 0, set
Then (5) immediately implies that for all r,
The following lemma is important for further study.
Lemma 2. Let M be a complete open riemannian n-manifold and let p £ M. Then for any point q £ M, there is a ray oq: [0, +00) -> M issuing from q such that
supports bp(x) at q, i.e., bp''(x) < bp(x) for all x £ M and bjJ(q) = bp(q).
(ii) (Wu) for all t>0, (9) bp(oq(t)) = bp(q) + t.
Proof. Take a divergent sequence /" -> +00, and a sequence of points x" £ S(p, tn) such that d(q, xn) = d(q, S(p, tn)). Take a normal minimal geodesic on issuing from q to x" . By passing to a subsequence if necessary, one can assume that ct"(0) converges to a unit vector v £ TqM. Set oq(s) = e\pqsv . It is clear that oq is a ray. Notice that for sufficiently large t" ,
Thus one obtains
It is obvious that b%''(q) = bp(q). The equality (9) was proved by Wu in [Wl] . Q.E.D.
An open riemannian manifold M is called proper, if M is complete and for some point p £ M, the Busemann function bp is proper, i.e. the subset bp x((-oo, a]) is compact for all a £ R. The following lemma shows that bp is proper for some p £ M, then bq is proper for all q £ M . In particular, bq(x) > -bp(q) + bp(x).
Thus bp is proper if and only if bq is proper for all points q £ M. Proof. Let /" = d(q, C"). Clearly, for t" > d(q, x), one has x e B(q, tn) and d(x, S(q, t")) < d(x, C"). Thus
Letting r" -> +oo, one obtains bq(x) > -bf(q) + bf(x). Q.E.D. Remark 1. It was proved in [CGI, GW2] that any complete open manifolds with nonnegative sectional curvature outside a compact subset is proper. In particular [LT] , for any point p £ M, lim m. = lim tel = !.
The question is when the Busemann function bp is proper. By (5) one sees that if Rp(x) satisfies lim sup yv < 1,
then bp is proper. In the next section we will continue to study the properness of open riemannian manifolds.
2.2. Diameter of ends. In this section, we will prove an elementary result for Busemann functions, which tells us how the smallness of the diameter of ends implies the properness of the Busemann functions. In particular, we prove that if a complete open manifold M with finitely many ends has diameter growth of order o(r), then M is proper. No restriction on curvature will be required. There are several definitions for the (essential) diameter of ends (cf. [AG, SI, C] ). Let us first give the most natural one here for manifolds with finitely many ends. The essential diameter of ends will be defined in the last of this section. Let M be a complete open riemannian manifold with A ends. Let min be the smallest number R such that M\B(p, R) has A unbounded connected components. Let Ui, ... , Un be the unbounded connected components of M\B(p, /?min) • Then the diameter of ends at distance r > Rmin from p,W(p, r), is defined as W(p, r) = max dia(S(p, r) n U¡). Rp
(5) and (10) where the supremum is taken over all boundary components Z of M\B(p, r) with X n R(p, r) yi 0. We call 3(p, r) the essential diameter of ends at distance r from p. Clearly, one has (12) 3(p,r)<dia(S(p,r)).
Remark 3. Without any additional assumption there is no relation between 3t(p, r) and 3(p, r). However, one still has that for all boundary components, I, of M\B(p, r) with I n R(p, r) ¿ 0 , on M such that \F -f\ <t¡.
The proof of the above lemma strongly relies on the argument in §2 of [M1 ] . The outline of the proof is as follows. By Theorem 6, one can assume / is a smooth proper function belonging to C(k) on M. Take a sequence ax < a2 < ■■■ -» +00, such that all a¡ are the regular values of /. Let W¡ = f~x ([a¡, <2,+i] ). One can find a smooth Morse function F¡: W¡ -* [a,, a¡+\] such that each F, has no critical points in a neighborhood of dW¡. Moreover, each F, is sufficiently close to / in C2-topology so that it belongs to C(k) on Wj. Then by gluing all F¡ together, one obtains a desired Morse function. Since the proof is elementary, so the details are omitted here (see [S2] ). The following algebraic lemma is also elementary. It will be useful to verify that a locally Lipschitz function / belong to C(k) at a point p e M.
Lemma 6. Let V be an inner product space of dimension «. Let S be a symmetric bilinear form on V. Suppose that for some k, 1 < k < n, and some positive numbers n and A, S satisfies (i) Xw=i $iei > ei) ^ n for any orthonormal set {ei, ... , ek} in V, (ii) \S(v , v)\ < A\v\2 for v £V. Then there is e > 0 depending only on k, n, and A such that for any set {f i,..., vk} in V with \(Vi, Vj) -Sjj\ < e, We begin with the following elementary result.
Lemma 7. Let M be a riemannian n-manifold. Suppose at some point p £ M the sectional curvature and the kth-Ricci curvature, for some 1 < k < n -1, satisfy \KP\ < K and RÍC(¿) > H, respectively. Then for any orthonormal set {ei, ... , ek} in TPM and any unit vector v in TPM,
where a = yJ>Zli{v , e,)2 and ß = y/1 -£*=i(fl , e,)2. Let T(r) = max{l6kH(r)~x, 2(R0-a+ 1)}. Define K(r) = sup{\Ky\;r<bp(y)<r+T(r)}.
Let C: [a, +oo) -► R+ be a positive continuous function to be determined later. Set X(t) = / exp Í / C(t) dx j ds + a.
It is easy to check that x is of class C2 and has the following properties:
(i) X'(r) > I for all r £ [a, +oo), (ii) x"(r) = C(r)x'(r) for all r £ [a, +oo). Clearly, (i) above implies X ° bp is also proper. By choosing an appropriate C(t), we will prove that x°bp belongs to C(k) on M.
Fix any point q £ M with bp(q) = r. From Lemma 2 in §2.1 it follows that there exists a ray crq(s) issuing from q such that for all 5 > 0, (x), therefore, cannot be given in a usual way. Grove-Shiohama [GS] have made the fundamental observation that there is a meaningful definition of "critical point" for such distance function, such that in the absence of critical points, the Isotopy Lemma of Morse theory holds. A point q(i= p) is called a critical point of pp if for all unit vector v in the tangent space TqM, there is a minimal geodesic, y , from q to p , making an angle, Z(v, y(0)) < n/2, with y(0). As was shown in [GS] , if q is not a critical point of Pp , then there is a small positive number e > 0, an open neighborhood U, of q, and a smooth unit vector field W on U, such that for any minimal geodesic, y, from x e U to p, y makes an angle, ¿.(Wx, y(0)) > n/2 + e with Wx . By using a partition of unity and the first variation formula, one can prove the following Isotopy Lemma [GS, G1, C] . If ' rx < r2< +00, and if C is a connected component of B(p, r2)\B(p, ri) such that the closure, C, is free of critical points of pp, then there is a homeomorphism \p :Ix (r, , r2) -> C, where S = dC n S(p, rx ) is a connected boundary component of C, such that Pp(y/(x, t)) = t, for all (x, t) £ 1 x (r{, r2). Moreover, X is a topological submanifold (without boundary).
Remark 4. Note that the closure of B(p, r2)\B(p, ri) is strictly contained in B{P■> r2)\B{P> ri) in certain cases. If B(p, r2)\B(p, r{) contains no critical point of pp , then this region is homeomorphic to S(p, rx ) x \rx, r2]. Moreover, S(p, r{) is a (not necessarily connected) topological submanifold without boundary (cf. e.g. [C] ).
The Isotopy Lemma above, in particular, implies that if a complete open riemannian manifold M does not contain critical points of pp outside a compact subset, then M has finite topological type. For our purpose we need the following Lemma 9 (cf. e.g. [C] ). Let M be complete, and let p £ M be fixed. Suppose that there is Rq > 0 such that for all r > R0, all boundary components, I, of M\B(p, r) with Zn R(p, r) ^ 0, are free of critical points of pp . Then there is a R\ > Ro, such that M\B(p, Ri) is free of critical points of pp . In particular, M has finite topological type.
Outline of the proof. Follow [C] , let U be any unbounded connected component of M\B(p,Ro).
Let zZr0 be a boundary component of dU with Er0 C\R(p, r) yi 0. One can take a ray y emanating from p with y(Ro) £ Z/*0 ■ For r > Ro, let Ir denote the boundary component of M\B(p, r) with y(r) £ Zr. By assumption, all Er, r > R0, axe free of points of pp. By the same argument for the Isotopy Lemma, one can show that there is an embedding y/ : X/?0 x (Rq , +00) -> U such that ^(Xr0 x {r}) = Ir. It is also easy to see y/ is onto. Thus y/Ç£Ro x (R0, +00)) = U. Clearly there are only finitely many bounded connected components, V , of M\B(p, R0) with Vf\S(p, 2R0) í 0 . Thus there is Ri>R0, such that M\B(p, /?,) is free of critical points of pp . Q.E.D.
4.2. Small excess and finite topological type. In order to prove a complete riemannian manifold M has a finite topological type, one needs to show that there is no critical points outside a compact subset with respect to a fixed point p £ M. For this purpose we will prove an important lemma, which tells us that the value of excess function ep at critical points cannot be small. In [AG] Abresch-Gromoll have proved a similar result for the excess of a thin triangle in M. The following lemma gives us a concrete information for the excess function ep which can be thought of as the excess of the triangle with one vértice at infinity.
Lemma 10. Let M be a complete open riemannian manifold with sectional curvature Km > -K for some constant K > 0, and let p £ M be fixed. Suppose that q t¿ p is a critical point of p. Theñ VK coshVKpp(q)
Proof. Take an arbitrary sequence tn -> +00 so that bp(x) = tn-d(x, S(p, t")) converges to bp(x) on M. There is xn £ S(p, t") such that d(q,x") = d(q, S(p, t")). Take a minimal geodesic y issuing from p to x", and a minimal geodesic o issuing from q to x" . Since q is a critical point of p , there exists a minimal geodesic x issuing from q to p such that <r(0) and i(0) make an angle at most n/2. Apply Toponogov's Theorem [CE] to the triangle formed by y , a , and x , we obtain (15) eosh\ÍKtn < eosh\ÍKd(q, xn)eosn\ÍKd(p, q). dt.
Clearly, pp o exp"1 supports f at u = 0, i.e., pp o exp~' u < f(u), for all u close to 0, and the equality holds at u = 0. Hence by the second variation formula [CE] one obtains d2 1 V2pp(u, u) < j=-f(su)\s=o = -(1 -(u, gxadp)2) -j' i^f (R(u(t),y(t))y(t),u(t))dt. For 2 < k < n -1 and r > 0, set *«> = (t-n'it + n"'" -''"'"^ + 2ö?W'2 -'2)-It is easy to check that (a) cp';(t) + (k/t)<p'(t) = 1, (b) cp'r(t) <0 for 0</<r, (c)^(r) = 0. Now fix a point x £ M. Take C = 2kpp(x) ' and / = Rp(x). First we assume that Rp(x) < \pp(x). Take any r with /?p(x) < r < \pp(x). Define f: B(x, r) -* R as
where ep(y) = d(p, y)-bp(y) is the excess function at p . We claim that / has no locally maximal point in B(x, r)\{x}. We will prove it by contradiction. Suppose / has a locally maximal value at some point xq £ B(x, r)\{x}. Take a normal minimal geodesic y issuing from p to x0 and a normal minimal geodesic x issuing from x to Xo. By triangle inequality one can prove that -e-d(', y(e)) supports -d(',p) at xo and -e-d(-, x(s)) supports -d(-, x) at Xo, respectively. By Lemma 2, there is a ray aXo issuing from xo such that bp°',iy) '■= bp(xo) + t -d(y, ox<3(t)) supports bp(y) at Xo . Therefore for small Since kd(xo, p)~x < k(pp(x) -r)~x < 2kpp(x)~x = C, the right side of (17) is positive for sufficiently small e > 0. It is a contradiction. Therefore one concludes that / has no locally maximal point in B(x, r). Take z £ R(p, r0) with d(x, z) = Rp(x) (hence ep(z) = 0), where r0 = pp(x). Clearly, / does not achieve the maximum on S(p, r). Then for any p, 0 < p < I = Rp(x), 0 < f(z) < max f(y) = Ccpr(p) -min ep(y), yes(x,p) y£S(x,P) which implies Letting r -» / = Rp(x), one obtains ep(x) < min ep(y) + 2p < 2p + Ccpr(p).
y€S (x,p) ep(x) <xnin(2p+ Ccpi(p)). In this section, we will study the "topological growth" of the geodesic balls in complete open manifolds of nonnegative Ricci curvature. First let us recall Gromov's theorem [Gl] . One can also refer to [A] for the details.
Theorem 11 (Gromov [Gl] ). Let M bean n-dimensionalcomplete riemannian manifold with sectional curvature Km > -1. Then there is a constant C(n) > 1 depending only on « such that for any 0 < e < 1 and any bounded subset X CM, The rest of the proof will rely on the following topological lemma which was proved by Gromov [Gl] .
Lemma 13 [Gl, A] . Let M be a complete riemannian n-manifold and let p £ M. For any fixed numbers r > 0 and r0 < 7""_1 , let B® = B(p;, r0), j = I, ... , N, be a ball covering of B(p, r) with p¡ £ B(p, r). Let Bk = 7* 5° , k = 0,... ,n + l. Then This theorem gives a topological obstruction to complete open manifolds M with nonnegative Ricci curvature and sectional curvature bounded from below.
